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Abstract
Frid, Puzynina and Zamboni (2013) defined the palindromic length
of a finite word w as the minimal number of palindromes whose con-
catenation is equal to w. For an infinite word u we study PLu, that
is, the function that assigns to each positive integer n, the maximal
palindromic length of factors of length n in u. Recently, Frid (2018)
proved that lim sup
n→∞
PLu(n) = +∞ for any Sturmian word u. We
show that there is a constant K > 0 such that PLu(n) ≤ K lnn for
every Sturmian word u, and that for each non-decreasing function f
with property limn→∞ f(n) = +∞ there is a Sturmian word u such
that PLu(n) = O(f(n)).
1 Introduction
Palindromic length of a word v, denoted by |v|pal, is the minimal number
K of palindromes p1, p2, . . . , pK such that v = p1p2 · · · pK . This notion has
been introduced by Frid, Puzynina and Zamboni [1] along with the following
conjecture.
Conjecture 1. If there is a positive integer P such that |v|pal ≤ P for every
factor v of an infinite word w then w is eventually periodic.
Frid et al. proved validity of the conjecture for r-power-free infinite
words, i.e., for words which do not contain factors of the form vr = vv · · · v
(r times for some integer r ≥ 2). By result of Mignosi [2] the conjecture
thus holds for any Sturmian word whose slope has bounded coefficients in its
continued fraction. Recently, Frid [3] proved the conjecture for all Sturmian
words.
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In this paper we study asymptotic growth of function PLu : N → N
defined for an infinite word u by
PLu(n) = max{|v|pal : v is factor of length n in u}.
The aforementioned result by Frid can be stated, using function PLu, in the
form of the following theorem.
Theorem 2 ([3]). Let u be a Sturmian word. Then lim sup
n→∞
PLu(n) = +∞.
We prove the following two theorems about the rate of growth of function
PLu for Sturmian words.
Theorem 3. Let f : N→ R be a non-decreasing function with lim
n→∞ f(n) =
+∞. Then there is a Sturmian word u such that PLu(n) = o(f(n)).
Theorem 4. There is a constant K such that for every Sturmian word u
we have PLu ≤ K lnn.
In other words, PLu may grow into infinity arbitrarily slow (Theorem 3)
and not faster than O(lnn) (Theorem 4). Let us stress that the constant K
in Theorem 4 is universal for every Sturmian word.
Both theorems refer to upper estimates on the growth of PLu. Indeed,
it is much more difficult to obtain a lower bound on the growth, such bound
is not known even for the Fibonacci word. Recently, Frid [4] considered a
certain sequence of prefixes of the Fibonacci word, denoted (w(n)), and she
formulated a conjecture about the precise value of |w(n)|pal. This conjecture
can be rephrased in the following way (cf. Remark 11).
Conjecture 5. Let f be the Fibonacci word, that is, the fixed point of the
morphism 0 7→ 01, 1 7→ 0. Then
lim sup
n→∞
PLf (n)
lnn
≥
1
3 ln τ
,
where τ is the golden ratio.
We propose (see Remark 11 for more details) the following extension of
this so far unproved statement.
Conjecture 6. Let u be a Sturmian word whose slope has bounded coeffi-
cients in its continued fraction. Then
lim sup
n→∞
PLu(n)
lnn
> 0.
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2 Preliminaries
An alphabet A is a finite set of letters. A finite sequence of letters of A
is called a (finite) word. The length of a word w = w1w2 · · ·wn, that is,
the number of its letters, is denoted |w| = n. The notation |w|a is used
for the number of occurrences of the letter a in w. The empty word is the
unique word of length 0, denoted by ε. The set of all finite words over A
(including the empty word) is denoted by A∗, equipped with the operation
of concatenation of words A∗ is a free monoid with ε as its neutral element.
We consider also infinite words u = u0u1u2 · · · , the set of infinite words over
A is denoted by AN.
A word w is called a factor of v ∈ A∗ if there exist words w(1), w(2) ∈ A∗
such that v = w(1)ww(2). The word w is called a prefix of v if w(1) = ε, it
is called a suffix of v if w(2) = ε. The notions of factor and prefix can be
easily extended to infinite words. The set of all factors of an infinite word
u, called the language of u, is denoted by L(u). Let w be a prefix of v, that
is, v = wu for some word u. Then we write w−1v = u.
The slope of a nonempty word w ∈ {0, 1}∗ is the number pi(w) = |w|1|w| .
Let u = (un)n≥0 be an infinite word. Then the limit
ρ = lim
n→∞pi(u0 · · · un−1) =
|u0 · · · un−1|1
n
(1)
is the slope of the infinite word. Obviously, the slope of u is equal to the
frequency of the letter 1 in u.
In this paper we are concerned with the so-called Sturmian words [5].
These are infinite words over a binary alphabet that have exactly n + 1
factors of length n for each n ≥ 0. Sturmian words admit several equivalent
definitions and have many interesting properties. We will need the following
two fact above all. The limit in (1) exists, and thus the slope of a Sturmian
word is well defined, and, moreover, it is an irrational number [6]. Two
Sturmian words have the same language if and only they have the same
slope [7].
A morphism of the free monoid A∗ is a map ϕ : A∗ → A∗ such that
ϕ(vw) = ϕ(v)ϕ(w) for all v,w ∈ A∗. A morphism ϕ is called Sturmian if
ϕ(u) is a Sturmian word for every Sturmian word u. The set of all Sturmian
morphisms coincides with the so-called monoid of Sturm [8], it is the monoid
generated by the following three morphisms
E :
0 7→ 1
1 7→ 0
, G :
0 7→ 0
1 7→ 01
, G˜ :
0 7→ 0
1 7→ 10
.
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3 Images of Sturmian words
In this section we study length and palindromic length of images of words
under morphisms ψb : {0, 1}
∗ → {0, 1}∗, where b ∈ N, b ≥ 1 and
ψb(0) = 10
b−1,
ψb(1) = 10
b.
(2)
Note that ψb is a Sturmian morphism since ψb = G˜
b−1 ◦ E ◦G.
Lemma 7. Let b, c ∈ N, b, c ≥ 1 and let v ∈ {0, 1}∗. Then
i) |ψb(v)| ≥ b|v|,
ii) |(ψc ◦ ψb)(v)| ≥ 2|v|.
Proof. i) Let x = |v|0 and y = |v|1. Then ψb(v) contains x
′ := (b− 1)x+ by
zeros and y′ := x+y ones. Thus |ψb(v)| = x′+y′ = bx+(b+1)y ≥ b(x+y) =
b|v|.
ii) The word (ψc ◦ ψb)(v) contains x
′′ := (c− 1)x′ + cy′ zeros and y′′ :=
x′ + y′ ones. Thus |(ψc ◦ ψb)(v)| = x′′ + y′′ = cx′ + (c + 1)y′ ≥ x′ + 2y′ ≥
2y′ = 2(x+ y) = 2|v|.
Lemma 8. Let b ∈ N, b ≥ 1 and let v ∈ {0, 1}∗, Then |ψb(v)|pal ≤ |v|pal+1.
Proof. One can easily check that if p is a palindrome then both ψb(p)1 and
1−1ψb(p) are palindromes.
If v = p1p2 · · · p2q, where all pi are palindromes, then
ψb(v) = ψb(p1)1︸ ︷︷ ︸
p′1
· 1−1ψb(p2)︸ ︷︷ ︸
p′2
·ψb(p3)1︸ ︷︷ ︸
p′3
· 1−1ψb(p4)︸ ︷︷ ︸
p′4
· · ·ψb(p2q−1)1︸ ︷︷ ︸
p′2q−1
· 1−1ψb(p2q)︸ ︷︷ ︸
p′2q
is a factorization of ψb(v) into 2q palindromes and therefore we have |ψb(v)|pal ≤
|v|pal.
On the other hand, if |v|pal is odd the factorization of ψb(v) is almost
the same with the only exception that at the end there is (possibly non-
palindromic) image of the last palindrome, i.e., ψb(p2q+1). The statement
follows from the fact that ψb(p2q+1) = 1 · 1
−1ψb(v2q+1).
Lemma 9. Let u be a Sturmian word with slope α ∈ (0, 1) and let α =
[0, a1, a2, a3, . . .] be its continued fraction. Then ψb(u) is a Sturmian word
with slope β, where β = [0, b, a1, a2, a3, . . .].
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Proof. Recall that α is the frequency of the letter 1 in u, that is,
α = lim
|v|→∞
|v|1
|v|0 + |v|1
, where v ∈ L(u).
Let us consider the image of v ∈ L(u) under ψb. We have |ψb(v)|0 =
(b− 1)|v|0 + b|v|1 and |ψb(v)|1 = |v|0 + |v|1. Therefore
β = lim
|v|→∞
|ψb(v)|1
|ψb(v)|0 + |ψb(v)|1
= lim
|v|→∞
|v|0 + |v|1
b|v|0 + (b+ 1)|v|1
=
= lim
|v|→∞
1
b+ |v|1|v|0+|v|1
=
1
b+ α
.
Lemma 10. Let v ∈ {0, 1}∗ be a factor of a Sturmian word u with slope
β = [0, b, a1, a2, a3, . . .] and let |v|1 ≥ 2. Then there are words v
′, vL, vR such
that v′ 6= ε is a factor of a Sturmian words with slope α = [0, a1, a2, a3, . . .],
vL is a proper suffix of ψk(x) and vR is a proper prefix of ψk(y) for some
x, y ∈ {0, 1}, and
i) v = vLψb(v
′)vR,
ii) |v|pal ≤ 4 + |v
′|pal.
Proof. i) Let u be a Sturmian word with slope α = [0, a1, a2, a3, . . .]. By
Lemma 9, ψk(u) has slope β = [0, b, a1, a2, a3, . . .]. Recall that the lan-
guage of a Sturmian word is entirely determined by its slope, thus we have
v ∈ L(ψb(u)). Since by assumption v contains at least two ones, we can
unambiguously write it in the required form.
ii) This statement then follows from inequalities |v|pal ≤ |vL|pal+|ψb(v
′)|pal+
|vR|pal, |vL|pal ≤ 1, |vR|pal ≤ 2 and from Lemma 8.
4 Proofs of main Theorems
Both proofs make use of the following idea. Let u be a Sturmian word
with slope α = [0, a1, a2, a3, . . .]. Let v = v
(1) ∈ L(u). By successive
application of Lemma 10 we find words v(2), v(3), . . . , v(j+1) such that for
every i = 1, 2, . . . , j we have
i) v(i) is a factor of a Sturmian word with slope [0, ai, ai+1, ai+2, . . .],
ii) |v(i)| ≥ |ψai(v
(i+1))| ≥ ai|v
(i+1)| (this follows from Lemmas 10 and 7),
iii) |v(i)|pal ≤ 4 + |v
(i+1)|pal,
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iv) v(j+1) does not contain two ones, in particular |v(j+1)|pal ≤ 2 and
|v(j+1)| ≥ 1.
Altogether we have
|v| = |v(1)| ≥ a1a2 · · · aj,
|v|pal ≤ 4j + 2.
(3)
Proof of Theorem 3. Let f : N → R be a non-decreasing function with
limn→∞ f(n) = +∞. We find a1 ∈ N, a1 ≥ 2 such that f(a1) ≥ 1, then
a2 ∈ N, a2 ≥ 2 such that f(a1a2) ≥ 2
2, and so on, i.e., we proceed recur-
rently to find ak ∈ N, ak ≥ 2 such that
f(a1a2 · · · ak) ≥ k
2 for all k ∈ N, k ≥ 1. (4)
Using (3), (4) and monotony of f we can estimate
|v|pal
f(|v|)
≤
4j + 2
f(a1a2 · · · aj)
≤
4j + 2
j2
.
Obviously j →∞ as |v| = n→∞ and therefore
lim sup
n→∞
PLu(n)
f(n)
≤ lim
j→∞
4j + 2
j2
= 0.
Proof of Theorem 4. The estimate |v| ≥ a1a2 · · · aj is weak in the case where
most of the coefficients of the continued fraction are equal to 1. Therefore,
we use the fact that v(i) contains factor (ψai ◦ ψai+1)(v
(i+2)). By Lemma 7
we have |v(i)| ≥ 2|v(i+2)| and thus |v| ≥ 2⌊
j
2
⌋. Using this estimate we get
|v|pal
ln |v|
≤
4j + 2
j−1
2 ln 2
j→∞
−−−−→
8
ln 2
.
Statement of the theorem follows, using K = 8ln 2 .
Remark 11. In [4], Frid defined the sequence (w(n)) of prefixes of the
Fibonacci word f , where |w(n)| has representation (100)2n−1101 in the Os-
trowski numeration system.
Using the Fibonacci sequence (Fn)n≥0 (given by F0 = 1, F2 = 2 and
Fn+2 = Fn+1+Fn for n ∈ N) one gets |w
(n)| = F0+F2+
∑2n−1
k=1 F3k+2 < F6n.
Frid proved that |w(n)|pal ≤ 2n+ 1, while she conjectured that the equality
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|w(n)|pal = 2n+1 holds. Since Fn =
1√
5
τn+2(1+ o(1)), the validity of Frid’s
conjecture would imply
|w(n)|pal
ln |w(n)|
≥
2n+ 1
lnF6n
=
2n+ 1
(6n+ 2) ln τ(1 + o(1))
n→∞
−−−−→
1
3 ln τ
(5)
as stated in Conjecture 5.
In her proof of the fact that for a Sturmian word u the function PLu(n)
is not bounded, Frid considered only prefixes of u. This was made possible
by the following result by Saarela [9]: for a factor x of a word y we have
|x|pal ≤ 2|y|pal. Computer experiments do indicate that the prefixes w
(n)
have the highest possible ratio
|w|pal
ln |w| (among all prefixes of f). However, it
is still possible that there is a sequence of factors (not prefixes) of f which
can be used to enlarge the constant 13 ln τ in (5).
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